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Abstract
A simple Hamiltonian manifold is a compact connected sym-
plectic manifold equipped with a Hamiltonian action of a torus T with
moment map Φ : M → t∗, such that MT has exactly two connected
components, denoted M0 and M1. We study the differential and sym-
plectic geometry of simple Hamiltonian manifolds, including a large
number of examples.
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1 Introduction
Let M be a compact connected symplectic manifold equipped with a Hamil-
tonian action of a torus T = (S1)n, and let Φ : M → t∗ denote the moment
map. The celebrated Atiyah Guillemin-Sternberg convexity theorem states
that the image of the moment map Φ is the convex hull of the image of the
1
fixed points, Φ(MT ). This polytope is a single point, that is, the moment
map is constant, if and only if the action is trivial. So long as the action is
non-trivial, this polytope Φ(M) must have at least two extreme points. In
this paper, we consider the simplest non-trivial case, when MT has exactly
two components, and so Φ(M) is a 1-dimensional polytope.
Definition 1.1 A simple Hamiltonian manifold is a compact connected
symplectic manifold equipped with a Hamiltonian action of a torus T with
moment map Φ :M → t∗, such that MT has exactly two connected compo-
nents, denoted M0 and M1.
As noted above, a simple manifold has the minimum possible number
of fixed components. We describe a simple Hamiltonian manifold by the
triple (M,M0,M1), and let 2mi and 2m be the dimensions of Mi and M
respectively, and set 2ri = codimMi = 2m − 2mi. As a consequence of
some basic results in equivariant symplectic geometry, the torus action on
a simple manifold necessarily factors into a trivial action and a residual
effective circle action (Lemma 2.2). Thus, our results hold for torus actions,
but generally require verification only for the residual circle action.
In what follows, we explore the geometry associated to simple Hamilto-
nian manifolds. We establish the basic topology of a simple Hamiltonian
manifold, using the moment map as the key tool, in Section 2. This is where
we discuss the residual circle action (Lemma 2.2). Then we turn to cohomol-
ogy constraints on simple Hamiltonian manifolds in Section 3. The residual
moment map is a Morse–Bott function on M , and so the cohomology of M
is determined from M0 and M1 (Proposition 3.1 and its Corollaries). This
allows us to deduce relations among m, m0, m1, r0 and r1. This section also
includes comments about how our work relates to several recent papers on
this topic.
In Section 4, we study bundles over the Mi and the gauge groups of
these bundles, and prove our first main theorem giving necessary conditions
for two simple Hamiltonian manifolds to be T -equivariantly diffeomorphic,
Theorem 4.4. Next, in Section 5, we turn to the special case when M1 has
codimension 2 in M , and characterize M in terms of M0 (Theorem 5.4).
In this special case, we must have that M1 is diffeomorphic to M1 (Corol-
lary 5.5). In Section 6, we turn to the classification M up to T -equivariant
symplectomorphism, with a complete answer in the same special case r1 = 1
(Theorems 6.2 and 6.3). In particular, when r0 = r1 = 1, then M0 and M1
must be T -equivariantly symplectomorphic (Corollary 6.4). Finally, the last
section of the paper is devoted to examples of polygon spaces.
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There has been a flurry of recent work on Hamiltonian S1-manifolds that
are in some sense minimal. Tolman introduces Betti number constraints in
[14], and shows that only a finite number of cohomology rings can occur.
These constraints are explored further in [11] when the fixed set has exactly
two components, that is the manifold is a simple Hamiltonian manifold.
The differential geometry of simple Hamiltonian manifolds with minimal
Betti numbers is discussed in [12]; this work may be related to our results
in Section 4. Another natural hypothesis is that the circle action be semi-
free, as is the case for weight simple Hamiltonian manifolds discussed below
in Section 2. The implications of this hypothesis are developed further in
[5, 15].
We now conclude this Introduction with a handful of examples of simple
Hamiltonian manifolds.
Example 1.2 Let M = CPn with a circle action given by
g · [z0 : · · · : zn] = [gz0 : · · · : gzk : zk+1 : · · · : zn] ,
for g ∈ S1. This is a simple Hamiltonian manifold (CPn,CP k,CPn−k−1).
Example 1.3 A simple Hamiltonian manifold M with MT discrete is dif-
feomorphic to S2. In this case, the moment map is a Morse function with
exactly two critical points, which implies that M is homeomorphic to a
sphere Sn. As M is symplectic, it must be diffeomorphic to S2.
Example 1.4 The symplectic cut of a weight bundle. We may use Ler-
man’s symplectic cuts [10] to produce a simple Hamiltonian manifold from
a symplectic manifold equipped with a complex vector bundle. Let M0 be
a compact symplectic manifold and let ν0 : V → M0 be a complex vector
bundle of rank k. Viewing S1 ⊂ C as the unit complex numbers, there is a
natural S1-action on this bundle, namely fiberwise complex multiplication.
We assume that the total space V is equipped with a symplectic form so
that this S1-action is Hamiltonian. The moment map φ : V → R has only
0 as a critical value. Let M be the symplectic cut of V at a regular value
ℓ > 0 of φ. This gives a simple Hamiltonian manifold (M,M0,M1) with
M1 the symplectic reduction of V at ℓ. The bundle projection descends to
a map M → M0 with fibre CP k. Thus, M = Pˆ(ν0), the total space of
the CP k-bundle associated to ν0 and M1 = P(ν0), the total space of the
CP k−1-bundle associated to ν0. The case k = 1 is described in [13, Example
5.10].
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Example 1.5 Let M = Gk(C
r) be the Grassmannian manifold of complex
k-planes in Cr, endowed with a U(r)-invariant symplectic form. As a ho-
mogeneous space, M ∼= U(r)/(U(k) × U(r − k)). We may endow M with a
symplectic form by identifying it with the U(r) coadjoint orbit of Hermitian
r × r matrices with eigenvalues consisting of k ones and (r − k) zeros. The
maximal torus T of diagonal matrices in U(r) acts in a Hamiltonian fashion
on M , and we consider the last coordinate circle of this torus. Under the
identifications we have made, this action has moment map
Φ(A) = ar,r,
where A is a symmetric matrix and ar,r its bottom right entry. Then M is
a simple Hamiltonian manifold with moment map image the interval [0, 1].
We identify
M0 =




0
B
...
0
0 · · · 0 0




,
where B is a symmetric (r− 1)× (r− 1) matrix with eigenvalues consisting
of k ones and (r − k − 1) zeros. Thus, M0 ∼= Gk−1(Cr−1). The second fixed
component is
M1 =




0
B
...
0
0 · · · 0 1




,
where B is a symmetric (r− 1)× (r− 1) matrix with eigenvalues consisting
of (k − 1) ones and (r − k) zeros; so M1 ∼= Gk(Cr−1). The real locus (for
complex conjugation) of this simple Hamiltonian manifold is discussed in [6,
Example 5].
Example 1.6 If M is a simple Hamiltonian manifold and N is a connected
compact symplectic manifold, thenM×N is a simple Hamiltonian manifold,
where g · (x, y) = (gx, y) for g ∈ T and (x, y) ∈M ×N .
Example 1.7 Grassmannian manifold G˜2(R
m+2) of oriented 2-planes in
Rm+2. See 1.1 and its legend, describing moment polytopes for G˜2(R
5)
and G˜2(R
7). These simple manifolds play an important role in [14, 11, 12].
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Figure 1.1: In Figure (a) there is the T 2-moment polytope for G˜2(R
5), to-
gether with a projection for an S1-moment map for which this manifold
is a simple Hamiltonian manifold. Both M0 and M1 in this case are dif-
feomorphic to P1. Figure (b) shows the T 3-moment polytope for G˜2(R
7)
and a projection for an S1-moment map for which this manifold is a simple
Hamiltonian manifold. Both M0 and M1 in this case are diffeomorphic to
P2.
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2 Preliminaries
Standard properties of moment maps, which may be found in [1], immedi-
ately imply the following
Lemma 2.1 Let (M,M0,M1) be a simple Hamiltonian manifold with mo-
ment map Φ : M → t∗. Then
(i) the moment polytope ∆ = Φ(M) is a line segment.
(ii) Φ is a Morse-Bott function onto ∆ with exactly two critical values,
namely the endpoints of ∆.
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We think of the circle S1 as the complex numbers of norm 1. The Lie
algebra Lie(S1) may then be identified as iR, with basis vector 2πi. We may
use the dual basis to identify Lie(S1)∗ with R. The group of characters of T
is Tˆ = Hom(T, S1), the set of smooth homomorphisms. This is isomorphic
to the linear maps from R = Lie(S1)∗ to t∗ that send Z to the weight lattice.
Taking the image of 1 identifies Tˆ with the weight lattice inside t∗.
Lemma 2.2 Let (M,M0,M1) be a simple Hamiltonian T -manifold with mo-
ment map Φ : M → t∗. Then there is a unique character χ ∈ Tˆ such that
(i) the T -action α : T → Diff (M) is of the form α = α¯◦χ where α¯ : S1 →
Diff (M) is an effective action making (M,M0,M1) a simple Hamilto-
nian S1-manifold. We call α¯ the residual action.
(ii) The residual action α¯ admits a moment map Φ¯ : M → R such that
Φ¯(M0) = 0 and Φ¯(M1) > 0.
Moreover, the above character χ, seen as an element of the weight lattice, is
a positive multiple of Φ(M1)− Φ(M0).
Remark 2.3 The character χ of Part (ii) of Lemma 2.2 is the associated
character to the simple Hamiltonian manifold (M,M0,M1). The moment
map Φ¯ : M → R is called the residual moment map. This lemma reduces
the classification of simple Hamiltonian T -manifolds to the case of simple
Hamiltonian S1-manifolds, for effective circle actions.
Proof: As the moment polytope is 1-dimensional, T¯ = T/ kerα is a 1-
dimensional torus (see e.g. [1, § III.2.b]). Choosing an identification of T¯ with
S1 gives a character χ and a residual action α¯ with moment map Φ¯ : M → R
(with Φ¯(M0) = 0). We denote by 2mi and 2m the dimensions of Mi and M
and we set 2ri = codimMi. As α = α¯◦χ, this implies that χ◦Φ¯ is a moment
map for α, proving the last statement. The uniqueness statement (ii) follows
from the fact that the two identifications of T¯ with S1 differ by the sign of
Φ¯.
Let (M,M0,M1) be a simple Hamiltonian T -manifold. Recall thatM al-
ways admits a T -invariant almost complex structure J that is ω-compatible:
J is an isometry for ω and ω(v, Jv) > 0 for all non-zero tangent vectors v to
M (see, for example, [13, §2.5] or [2, Part V]). Then 〈v,w〉 = ω(v, Jw) de-
fines a Riemannian metric on M and 〈 , 〉+ iω(, ) is a T -invariant Hermitian
metric. The space of T -invariant ω-compatible almost complex structures
on M is denoted by J (M,ω) and is contractible (see [13, Proposition 4.1
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and 2.49] or [2, Prop. 13.1]). Therefore, choosing J ∈ J (M,ω) endows
the tangent bundle TM with a U(r)-structure whose isomorphism class is
well-defined. As the Mi are symplectic submanifolds, the normal bundles
νi = TM |Mi/TMi are also Hermitian bundles, with structure group U(ri),
and these structures are well-defined up to isomorphism. Observe that νi is
isomorphic to the orthogonal complement to TMi in TM |Mi with respect to
the Riemannian metric associated to J .
The U(ri) structure on νi is T -invariant, so the bundle νi decomposes
into a Whitney sum of T -weight bundles. It follows from Lemmas 2.1 and 2.2
that the weights which occur are multiples of χ.
Definition 2.4 If ν0 (or, equivalently, ν1) is itself a weight bundle, we call
M a weight simple Hamiltonian manifold.
For instance,M is a weight simple Hamiltonian manifold when codimM0 =
2 or codimM1 = 2. The Grassmannian manifold G˜2(R
m+2) of Example 1.1.6
is not a weight simple manifold. Observe thatM is a weight simple Hamilto-
nian manifold if and only if the residual action is semi-free. By [11, Proposi-
tion 8.1], a simple Hamiltonian manifold (M,M0,M1) with m = m0+m1+1
is a weight simple Hamiltonian manifold unless dimM0 = dimM1.
Remark 2.5 In the above discussion the Hermitian bundle νi is the under-
lying bundle of a Hermitian bundle νˆi endowed with a T -action. We do not
distinguish these two notions because in the case of interest for us, where
(M,M0,M1) is a weight simple manifold, νˆi is determined by νi. Indeed, T
acts on ν0 via the character χ : T → S1 composed with complex multiplica-
tion on the fibers. The same holds for ν1, replacing χ by χ
−1.
Let (M,M0,M1) be a simple Hamiltonian T -manifold with residual mo-
ment map Φ¯ : M → R. Let ℓ > 0 defined by {ℓ} = Φ¯(M1). Define
V0 = Φ¯
−1([0, ℓ/2]) and V1 = Φ¯
−1([ℓ/2, ℓ]) . (2.1)
Lemma 2.6 For i = 0 and 1, the subspace Vi of (2.1) is a T -invariant
(closed) tubular neighborhood of Mi in M .
Proof: We prove this for the case i = 0, and mention the necessary
adaptations to complete the case i = 1. The proof introduces techniques
which are useful in subsequent sections (see Remark 2.7 for the idea of a
more direct argument). Passing to the residual action, we suppose that
T = S1.
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Choose an S1-invariant almost complex structure J onM . This makes ν0
an S1-equivariant Hermitian bundle with structure group U(r0). We denote
by E(ν0) its total space and by p : E(ν0) → M0 the bundle projection.
Denote by S(ν0) ⊂ E(ν0) the associated unit sphere bundle. For ε > 0, let
Dε(ν0) ⊂ E(ν0) the disk bundle formed by the elements of E(ν0) of norm
≤ ε. An element of Dε(ν0) may be written under the form rz, with z ∈ S(ν0)
and r ∈ [0, ε], with the identification 0z = p(z).
As ν0 is a Hermitian bundle, each fiber of E(ν0) carries a symplectic
form, isomorphic to the standard form on Cr0 via a trivialization. The
orthogonal sum with the symplectic form on M0 provides a symplectic form
ω0 on E(ν0). The same construction works for the almost complex structure
and the Riemannian metric, so there is a compatible triple (ω0, J0, 〈 , 〉0) over
E(ν0), extending the given one over M0.
Let b : Dε(ν0)→M be the S1-equivariant tubular neighborhood embed-
ding given by the exponential with respect to the Riemannian metric 〈 , 〉,
for ε > 0 small enough. The two symplectic forms ω0 and b∗ω coincide
on M0. By [13, Lemma 3.14], there is a tubular neighborhood embedding
h : Dε′(ν0)→ Dε(ν0) such that h∗b∗ω = ω0. Based on Moser’s argument, the
construction of h can be made S1-invariant (see, e.g. [1, Remark II.1.13]).
Thus, replacing b with b◦h and ε with ε′ if necessary, we may assume that
b∗ω = ω0. Pushing the triple (ω0, J0, 〈 , 〉0) down to M via b, we get a
compatible triple (ω, J0, 〈 , 〉0) near M0.
Choose a smooth function δ0 : [0, ℓ]→ [0, 1] which is equal to 0 near 0 and
so that the support of (1 − δ0)◦Φ¯ is contained in the interior of b(Dε(ν0)).
Recall that the space J (b(Dε(ν0)), ω) of S1-invariant ω-compatible almost
complex structures on b(Dε(ν0)) is contractible. The standard proof of this,
for example in [13, Propositions 4.1 and 2.49], actually provides a path Js
(s ∈ [0, 1]) from J0 to J1 = J . The formula
J ′x = J
δ0◦ Φ¯(x)
x ∈ AutR TxM
makes sense for all x ∈ M and provides a ω-compatible almost complex
structure on M . We say that J ′ is obtained by straightening J around
M0, using the straightening function δ0. The almost complex structure J
′
determines a Riemannian metric 〈 , 〉′ on M , and hence we have an S1-
invariant compatible triple (ω, J ′, 〈 , 〉′) on M .
Let us consider the gradient vector field Grad Φ¯ for the metric 〈 , 〉′. This
vector field depends only on J ′, since grad Φ¯ = J ′X, where X is the funda-
mental vector field of the Hamiltonian residual circle action. A J ′-gradient
line is the closure of a trajectory of Grad Φ¯.
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Suppose that M is a weight simple manifold. We claim that for each
vector z ∈ S(ν0), there is a unique J ′-gradient line Γz that is tangent to z
and that hits M0 at a point p(z). This process parametrizes the gradient
lines by S(ν0). To see this, we transport ourselves into Dε(ν0) via b. If M
is a weight manifold, the restriction of the moment map Φ¯◦b on each fiber
is just the norm square, whose level surfaces of Φ¯◦b are round spheres and
the J ′-gradient lines are the radial lines to the zero sections. Checking this
also makes it clear that the equation
β0(rz) = Γz ∩ Φ¯−1
(
ℓ r2
2
)
(2.2)
defines a map β0 : D1(ν0) → M which is an S1-equivariant smooth embed-
ding with image V0. This completes the proof of Lemma 2.6 for i = 0 when
M is a weight simple manifold. The case i = 1 is analogous. We reverse the
orientation of the gradient lines, and for rz ∈ [0,√ℓ]× D1, we define β1(rz)
to be the point y ∈ Γz such that Φ¯(y) = ℓ−r22 .
Finally, when M is not a weight manifold, the level surfaces of Φ¯◦b are
ellipsoids and the above process does not work: it requires that the Hessian
of Φ¯◦b be proportional to the metric 〈 , 〉0. To get around this difficulty, we
precompose b with an automorphism of ν0 which transforms the ellipsoids
into round spheres. We use this new tubular neighborhood b′′ : Dε′′ → M
to transport the metric 〈 , 〉0 on a neighborhood of M0 in M , providing a
Riemannian metric 〈 , 〉′′ on this neighborhood. This metric may be mixed
with 〈 , 〉 using a function like δ to obtain an S1-invariant Riemannian metric
〈 , 〉− on M . Then Equation (2.2) together with the metric 〈 , 〉− provides an
S1-invariant smooth tubular neighborhood embedding with image V0. Note
that the metric 〈 , 〉− is no longer compatible with the symplectic form, but
this is not necessary for the proof of Lemma 2.6.
Remark 2.7 The above proof of Lemma 2.6 was designated to introduce
techniques useful in subsequent sections. For a more direct proof, recall that
the Morse Lemma provides an embedding ψ : D1(ν0) → M with image a
tubular neighborhood D of M0, such that each gradient line of Φ¯ intersects
the boundary of D transversally in one point. This enables us to construct
a diffeomorphism β0 : D1(ν0)→ V0 as in (2.2). Thus, V0 is a tubular neigh-
borhood of M0 (note that V0 is T
1-invariant by definition).
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3 Cohomology constraints
In this paper, H∗(·) denotes the cohomology ring of a space with rational
coefficients. Recall that, for (M,M0,M1) a simple Hamiltonian manifold,
2mi and 2m are the dimensions of Mi and M respectively, and that 2ri =
codimMi.
Proposition 3.1 Let (M,M0,M1) be a simple Hamiltonian manifold. Then
for i, j ∈ {0, 1} and i 6= j, there are short exact sequences
0→ H∗−2rj (Mj)→ H∗(M)→ H∗(Mi)→ 0 (3.1)
and
0→ H2m−∗(Mj)→ H∗(M)→ H∗(Mi)→ 0, (3.2)
where the right hand homomorphisms are induced by inclusion.
Remark 3.2 This is related to the results in [8, § 3]. Here we do not need to
assume that the cohomology of M0 and M1 is concentrated in even degrees
because the moment map provides a perfect Morse-Bott function that allows
us to deduce the result.
Proof: Let Vj be the tubular neighborhood near Mj given by Lemma 2.6
that satisfies Vi = M − intVj . We first note that the cohomology exact
sequence of the pair (M,Vi) splits into short exact sequences
0→ H∗(M,Vi)→ H∗(M)→ H∗(Vi)→ 0 . (3.3)
This is related to the fact that the residual moment map is a perfect Morse-
Bott function. A proof of (3.3) for the T -equivariant cohomology is given in
[15, Proposition 2.1]. Exactness of (3.3) then follows because Mi is T -fixed,
so the map H∗T (Mi)→ H∗(Mi) is onto. By excision of intVi and the Thom
isomorphism,
H∗(M,Vi) ≈ H∗(Vj , ∂Vj) ≈ H∗−2rj (Mj) . (3.4)
Then (3.3) and (3.4) give exactness of Sequence (3.1).
Next, Poincare´ duality for Vj implies that
H∗(M,Vi) ≈ H∗(Vj , ∂Vj) ≈ H2m−∗(Vj) ≈ H2m−∗(Mj) . (3.5)
Thus (3.3) and (3.5) imply exactness of Sequence (3.2).
Let P,Pi ∈ Z[t] be the Poincare´ polynomials of M and Mi.
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Corollary 3.3 The Poincare´ polynomial P0 together with r0 and r1 deter-
mine both P1 and P by the following equations:{
(1− t2r1)P1 = (1− t2r0)P0
(1− t2r1)P = (1− t2(r0+r1))P0
. (3.6)
Proof: Sequences (3.1) for i = 0 and i = 1 immediately give the following
equations {
P = P0 + t
2r1P1
P = t2r0P0 + P1
, (3.7)
from which we may deduce the equations of Corollary 3.3. Note that Equa-
tions (3.7) are just the Morse-Bott equalities for the residual moment map
and its opposite.
Corollary 3.4 Let (M,M0,M1) be a simple Hamiltonian manifold with r1 =
2. Then there are additive isomorphisms
H∗(M1) ≈add H∗(M0)⊗H∗(CP r0−1) and H∗(M) ≈add H∗(M0)⊗H∗(CP r0).
Proof: Suppose that M is obtained by a symplectic cut of the trivial
bundle M0 × Cr0 . Then M1 = M0 × CP r0−1 and M = M0 × CP r0 , which
proves the lemma in this case. The general case follows from Corollary 3.3.
Remark 3.5 It is not true that P0 together with r1 determines the coho-
mology ring H∗(M). For instance, for the symplectic cut of a weight bundle
ν0 over M0 given in Example 1.4, the ring structure on H
∗(M) depends on
the bundle ν0. For M0 = S
2 and r0 = 1, M is diffeomorphic to S
2 × S2 if
c1(ν0) is even and to CP
2♯CP
2
if c1(ν0) is odd.
The first equation in (3.6) immediately implies the following corollary.
Corollary 3.6 If r0 = r1, the Poincare´ polynomials of M0 and M1 are
identical: P0 = P1.
The following proposition appears as a special case of the first centered
equation in [11]. In the case of a simple Hamiltonian manifold, their inequal-
ity is precisely this one.
Proposition 3.7 Let (M,M0,M1) be a simple Hamiltonian manifold. Then
m ≤ m0 +m1 + 1
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Proof: Suppose that 2r1 > 2m0+2. The first equation of (3.7) then implies
that H2m0+2(M) = 0, which is impossible as M is a compact symplectic
manifold of dimension ≥ 2m0+2. Hence, 2r1 ≤ 2m0+2, which implies that
2m ≤ 2m0 + 2m1 + 2.
Lemma 3.8 Let (M,M0,M1) be a simple Hamiltonian manifold. Then
H1(M0) ≈ H1(M) ≈ H1(M1),
these isomorphisms being induced by the inclusions Mi ⊂M .
Proof: As mi ≥ 1, the abstract isomorphisms come from Equations (3.7).
By Proposition 3.1, inclusions Mi ⊂ M induce surjective homomorphisms,
which are then isomorphisms.
Proposition 3.9 For a simple Hamiltonian manifold (M,M0,M1), the fol-
lowing conditions are equivalent.
(a) Hodd(M0) = 0.
(b) Hodd(M1) = 0.
(c) Hodd(M) = 0.
Proof: By the first equation of (3.6), Conditions (a) and (b) are equivalent.
By Equation (3.7), (c) is equivalent to (a) and (b) together.
Example 3.10 Suppose thatM has the cohomology of CPn. ThenM0 and
M1 have the cohomology ring of a complex projective space. Indeed, their
cohomology groups vanish in odd degree by Proposition 3.9. Also, their Betti
numbers are ≤ 1 by Proposition 3.1 and they are symplectic manifolds. The
first equation of (3.7). implies that m0 + m1 + 1 = m, as in Example 1.2
(For M1 = pt, this is a result of [6, Theorem 1]).
Remark 3.11 The extreme case in Proposition 3.7, i.e. m = m0 +m1 + 1,
is studied in [14], [11] and [12]. Much stronger restrictions than what we
prove in this section hold in that special case. In that context, the ring
H∗(M ;Z) must be isomorphic either to H∗(CPm) or to H∗(G˜2(R
m+2)), and
M is necessarily simply connected. Moreover, M1 and M2 each have the
homotopy type of a complex projective space.
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4 Diffeomorphism invariants
Let Ma0 and M
a
1 be fixed compact smooth manifolds (the exponent a stands
for abstract). We also fix two Hermitian vector bundles νai : Ei → Mai
of complex rank ri. The isomorphism class [ν
a
i ] of the abstract normal
bundle may be considered as an element of [Mai , BU(ri)]; we write
[νa] = ([νa0 ], [ν
a
1 ]) ∈ [Ma0 , BU(r0)]× [Ma1 , BU(r1)].
Definition 4.1 A [νa]-simple Hamiltonian T -manifold consists of a weight
simple Hamiltonian T -manifold (M,M0,M1) together with diffeomorphisms
αi : M
a
i
≈−→Mi for i = 0, 1, such that α∗i [νi] = [νai ]. Here, νi = TM |Mi/TMi
is called the concrete normal bundle to Mi in M . It can be endowed
with a U(ri)-structure group via the choice of an almost complex structure
J ∈ J (M,ω).
The isomorphism class [νi] is well-defined (see the discussion before Re-
mark 2.5). Two such objects ((M,M0,M1), αi) and ((M
′,M ′0,M
′
1), α
′
i) are
considered equivalent if there is a T -equivariant symplectomorphism h : M →
M ′ such that h◦αi = α
′
i. The set of equivalence classes of [ν
a]-simple Hamil-
tonian T -manifolds is denoted H([νa]).
The first invariant associated to a class M ∈ H([νa]) is the character
χ(M) ∈ Tˆ defined in Lemma 2.2. Note that, since M 6= MT , the map
χ : T → S1 is surjective. As we are dealing with weight manifolds, the
residual action is semi-free, with residual moment map: Φ¯ : M → [0, ℓ], that
sends M0 to 0. The number ℓ = ℓ(M) > 0 is another invariant of the class
M ∈ H([νa]), called the T -size of M.
Note that νai and the character χ determine unique T -equivariant weight
bundles, as discussed in Remark 2.5. Thus, νai is T -equivariantly isomorphic
to the concrete normal bundle νi of a representative of H([νa]). Associated
to the abstract normal Hermitian bundle νai , we have the following.
Definition 4.2 For the bundle νai , denote the total space Ei with its bundle
projection pi : Ei →Mai . This has associated bundles and structure groups:
4.2.1 the abstract sphere bundle Si →Mai (fiber S2ri−1), where
Si = {z ∈ Ei | |z| = 1}.
4.2.2 the abstract disk bundle Di → Mai (fiber the unit disk in Cri),
where Di = {z ∈ Ei | |z| ≤ 1}. We also consider the disk bundle
Di,ε = {z ∈ Ei | |z| ≤ ε}.
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4.2.3 the abstract projective bundle Pi → Mai (fiber CP 2ri−1), where
Pi = Si/S
1. The projection ηi : Si → Pi is a principal S1-bundle with
Euler class e(ηi) ∈ H2(Pi;Z).
4.2.4 the extended gauge group Gˆ(νai ), defined by pairs of isomorphisms
that fit into commutative diagrams
Ei

g
// Ei

Mai
g¯
// Mai
,
where g is smooth and its restriction to each fiber is an isometry. Those
isomorphisms with g¯ = id form the usual gauge group G(νai ). There
is thus an exact sequence
1→ G(νai )→ Gˆ(νai )→ Diff (Mai , [νai ])→ 1, (4.1)
where Diff (Mai , [νi]
a) denotes the group of diffeomorphisms h : Mai →
Mai that satisfy h
∗[νai ] = [ν
a
i ]. The group Gˆ(νai ) acts naturally on each
of the above associated bundles.
4.2.5 the extended gauge group Gˆ(ηi), defined by pairs of isomorphisms
that fit into commutative diagrams
Si

g
// Si

Pi
g¯
// Pi
such that g is smooth and S1-equivariant. Those isomorphisms with
g¯ = id form the usual gauge group G(ηi).
The T -action on νai induces a T -action on all the abstract sphere and disk
bundles which commutes with the actions of the extended gauge groups.
Let ((M,M0,M1), αi) represent an element of H([νa]). Choose a compat-
ible almost complex structure J on M , and consider its associated Rieman-
nian metric. As discussed above, this endows the concrete normal bundle
νi = TM |Mi/TMi with a T -invariant Hermitian structure, making it iso-
metric to the orthogonal complement of TMi in TM . Choose Hermitian
vector bundle isomorphisms γi : Ei → E(νi) covering αi. These induce iso-
morphisms on the associated bundles: γi : S1 → S(νi) and so forth. We
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also get a tubular neighborhood embedding b : Di,ε → M of Mi in M . We
now proceed as in the proof of Lemma 2.6. We may use the embedding b
to straighten the Riemannian metric around Mi, using straightening func-
tions δi : [0, ℓ] → [0, 1]. The gradient lines for the moment map Φ and the
straightened metric provide a T -equivariant smooth embedding β0 : D0 →M
by
β0(rz) = Γγ0(z) ∩ Φ¯−1
(
ℓ r2
2
)
where Γγ0(z) is the unique gradient line starting from p0(z) in the direction of
γ0(z). The T -equivariant embedding β1 : D1 →M is defined symmetrically.
The image of β0 and β1 are the T -invariant tubular neighborhoods V0 =
φ−1([0, ℓ/2]) and V1 = φ
−1([ℓ/2, ℓ]).
The map
ψ = β−10 ◦β1 : S1 → S0 (4.2)
is a diffeomorphism which anti-commutes with the S1-action. Let E(νa) be
the space of such diffeomorphisms ψ : S1 → S0. Observe that ψ descends
to a diffeomorphism ψ¯ : P1 → P0. By pre-composition, the extended gauge
group Gˆ(νa1 ) acts on the right on E(νa) and, by post-composition, Gˆ(νa0 ) acts
on the left on E(νa). These two actions commute and descend to the isotopy
classes, giving actions of π0(Gˆ(νa1 )) and π0(Gˆ(νa0 )) on π0(E(νa)). We can
restrict these actions to the usual gauge groups. Define the set E([νa]) by
E([νa]) = π0(G(νa0 ))
∖
π0(E(νa))
/
π0(G(νa1 )) (4.3)
The notation E([νa]) makes sense because the above double coset depends
only on [νa]. More precisely, let ν ′ = (ν ′0, ν
′
1) and ν
′′ = (ν ′′0 , ν
′′
1 ) be two
representatives of [νa]. Choosing principal bundle isomorphisms κi : E(ν
′
i)→
E(ν ′′i ) produces a bijection κ between the double quotient (4.3) for ν
′ and ν ′′.
Since we have divided out by the action of the gauge groups, the bijection
κ does not depend on the choice of the κi’s.
Lemma 4.3 The above construction provides a well-defined map
Ψ: H([νa])→ E([νa]) .
Proof: Let ((M,M0,M1), αi) represent a class M ∈ H([νa]). The defini-
tion of the diffeomorphism ψ of (4.2) involves three choices:
(a) the compatible almost complex structure J on M ;
(b) the U(ri)-isomorphism γi : Ei → E(νi); and
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(c) the straightening functions δi : [0, ℓ]→ [0, 1].
Once the choices (a) and (b) have been made, the straightening functions
δ0 and δ1 belong to convex spaces, so their choice does not change ψ in
π0(E(ν)). If we choose instead γ˜i : Ei → E(νi) for (b), then γ˜i = gi◦γi with
gi ∈ G(νi). Hence, ψ˜ = g0 ◦ψ◦g1, proving that ψ˜ and ψ represent the same
class in E([ν]). Finally, the choice of (a) does not change the class since
compatible almost complex structures on M form a contractible space.
Now, let ((M¯ , M¯0, M¯1), α¯i) be another representative ofM. Let h : M →
M¯ be a T -equivariant symplectomorphism realizing the equivalence. Choose
a compatible almost complex structure J¯ on M¯ . Then J = Th−1◦ J¯ ◦Th is
a compatible almost complex structure on M , which may be used, together
with the above Hermitian bundle isomorphisms γi to get a representative ψ
of Ψ(M). The construction is transported via h to M¯ , using J¯ , setting γ¯i =
Th◦γi, and using the same straightening function. We thus get embeddings
β¯i = h◦βi : Di → M ′ which can be used to define ψ¯ : S1 → S0, which then
satisfies
ψ¯ = β¯−10 ◦ β¯1 = β
−1
0 ◦h
−1
◦h◦β1 = ψ .
Let us consider the following quotients of the set E([νa]):
E1([νa]) = π0(G(νa0 ))
∖
π0(E(νa))
/
π0(Gˆ(νa1 )) (4.4)
and
E01([νa]) = π0(Gˆ(νa0 ))
∖
π0(E(νa))
/
π0(Gˆ(νa1 )) (4.5)
The compositions of the map Ψ: H(νa])→ E([νa]) with the projections onto
E1([νa]) and E01([νa]) are denoted by Ψ1 and Ψ01.
Theorem 4.4 Let ((M,M0,M1), αi) and ((M
′,M ′0,M
′
1), α
′
i) represent classes
M and M′ in H([νa]), with χ(M) = χ(M′). Denote the reduced moment
maps by Φ¯ : M → [0, ℓ] and Φ¯′ : M → [0, ℓ′], where ℓ and ℓ′ are the T -sizes
of M and M′.
(a) If we have Ψ(M) = Ψ(M′), then there is a T -equivariant diffeomor-
phism h : M →M ′ satisfying
Φ¯′ ◦h =
ℓ′
ℓ
Φ¯ (4.6)
and such that h◦αi = α
′
i for i = 0, 1.
(b) If we have Ψ1(M) = Ψ1(M′), then there is a T -equivariant diffeomor-
phism h : M →M ′ satisfying (4.6) and such that h◦α0 = α′0.
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(c) If Ψ01(M) = Ψ01(M′), then there is a T -equivariant diffeomorphism
h : M →M ′ satisfying (4.6).
Equation (4.6) means that Φ′ ◦h = σ◦Φ where σ is an affine isomorphism
of t∗ of ratio ℓ′/ℓ.
Proof: For Part (a), choose (J, γi) and (J
′, γ′i) as above, getting T -
equivariant embeddings βi and β
′
i and ψ,ψ
′ ∈ E(ν). The condition Ψ(M) =
Ψ(M′) implies an equation in π0(E(ν)) of the form [ψ′] = g1[ψ]g0 with gi ∈
Gi. Changing γi into γi◦g−1i , we get that [ψ] = [ψ′] in π0(E(ν)). Now, the em-
beddings βi produce a T -equivariant diffeomorphism Nψ = D0 ∪ψ D1 q−→M
extending α0 and α1. In the same way, the embeddings β
′
i produce a T -
equivariant diffeomorphism
Nψ′ = D0 ∪ψ′ D1 q
′
−→M ′
extending α′0 and α
′
1. As [ψ] = [ψ
′], there is a smooth T -equivariant isotopy
b : S0 × [1/2, 1] → S0 × [1/2, 1],
preserving the projection onto [1/2, 1], such that b(z, t) = (z, t) for t near 1/2,
and b(z, t) = (ψ′ ◦ψ−1(z), t) for t near 1. This isotopy extends, by the identity
near the null-section, to a T -equivariant diffeomorphism b : D0 → D0. Now,
b together with the identity on D1 gives a T -equivariant diffeomorphism
B : Nφ
≈−→ Nφ′ . Finally, observe that the level sets of the maps Ψ¯◦q and
Ψ¯◦q′ are the manifolds |z| = constant in Di. These level sets are preserved
by the diffeomorphism B. By the definition of the embeddings βi and β
′
i,
this proves Equation (4.6) and completes the proof of (a). Parts (b) and
(c) are proven in the same way, but the elements gi that occur in the above
argument are now in Gˆi instead of Gi.
In order to get applications of Theorem 4.4, we now provide a different
description of E([ν]) and its quotients. Choose an element h ∈ E([νa]), if
E([νa]) is non-empty. Then any h˜ ∈ E([νa]) is of the form h˜ = h◦(h−1 ◦ h˜)
and h−1◦ h˜ ∈ Gˆ(η1). Hence, the map g 7→ h◦g provides a bijection from
Gˆ(η1) onto E([ν]). Now, there is an injection Gˆ(ν0) →֒ E([ν]) given by γ 7→
γ ◦h. Composed with the above bijection Gˆ(η1) ≈−→ E([νa]) gives an injective
homomorphism
Gˆ(νa0 )→ Gˆ(η1)
defined by γ 7→ h◦γ ◦h−1. We have proven the following proposition.
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Proposition 4.5 If E([ν]a) is not empty, the choice of h ∈ E(νa) provides
bijections
E([νa]) ≈−→ π0(G(νa0 ))
∖
π0(Gˆ(η1))
/
π0(G(νa1 )) ,
E1([ν]a) ≈−→ π0(G(νa0 ))
∖
π0(Gˆ(η1))
/
π0(Gˆ(νa1 ))
and
E01([ν]a) ≈−→ π0(Gˆ(νa0 ))
∖
π0(Gˆ(η1))
/
π0(Gˆ(νa1 )) ,
where the inclusion Gˆ(νa0 ) →֒ Gˆ(ηa1) is given by γ 7→ h−1 ◦γ ◦h.
5 The case r1 = 1
The results of this section follow from the following proposition.
Proposition 5.1 Let Mai be compact smooth manifolds for i = 0, 1. Let
[νa] = ([νa0 ], [ν
a
1 ]) ∈ [Ma0 , BU(r0)]× [Ma1 , BU(r1)].
Suppose that r1 = 1. Then E1([νa]) is either empty or contains a single
element.
Proof: If E1([νa]) is not empty, then it is, by Proposition 4.5, in bijection
with
π0(G(νa0 ))
∖
π0(Gˆ(η1))
/
π0(Gˆ(νa1 )).
As r1 = 1, ν
a
1 is isomorphic to the complex line bundle associated to η1.
Hence, Gˆ(νa1 ) = Gˆ(η1) which implies that E1([ν]) consists of a single element.
We now provide a criterion to determine, in Proposition 5.1, whether
E1([νa]) is non-empty. Let ηi : Si → Pi be the S1-principal bundle associated
to νai . Let Li → Pi be the Hermitian line bundle associated to ηi. Let
L
−
i → Pi be the conjugate line bundle, and denote its isomorphism class by
[η−i ].
Proposition 5.2 Let Mai and [ν
a] as in Proposition 5.1. The set E1([νa])
is non-empty if and only if there exists a diffeomorphism κ : Ma1 → P0 such
that κ∗[η−0 ] = [ν
a
1 ].
Proof: The diffeomorphism κ would be covered by a diffeomorphism
κ˜ : S1 → S0 which anti-commutes with the S1-action. Such a κ˜ defines a
class in E1([νa]).
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Conversely, a class in E1([νa]) is represented by a diffeomorphism h : S1 →
S0 which anti-commutes with the S
1-action. This descends to h¯ : P1 →
P0 satisfying h¯
∗[η−0 ] = [η1]. As r1 = 1, there is a bundle isomorphism
between E1 and L(η1) (over the identity of M
a
1 ). Hence, κ = h¯ is the desired
diffeomorphism.
We now describe in details a basic example.
Example 5.3 Let N be a compact symplectic manifold. Let ξ : E → N be
a Hermitian vector bundle of complex rank r. Each fibre of ξ is equipped
with a symplectic form coming from the standard symplectic form on Cr via
a trivialization. Then the symplectic form on N as well as those on the fibres
of ξ are the restriction of a unique symplectic form ω on E. The action of S1
by complex multiplication is Hamiltonian, with moment map Φ¯(z) = 12 ||z||2.
Any ℓ > 0 is a regular value, so we may take the symplectic cut Pˆℓ(ξ) of E
at ℓ. We thus get a simple S1-Hamiltonian manifold (Pˆℓ(ξ), N, Pℓ(ξ)), where
Pℓ(ξ) is the symplectic reduction of E at ℓ. Using a non-trivial character
χ : T → S1, we get thus get a weight simple T -Hamiltonian manifold with
residual moment map φ¯. We denote this simple Hamiltonian manifold by
Cχ(N, ξ, ℓ).
Let us define abstract manifolds and normal bundles for Cχ(N, ξ, ℓ). We
can take Ma0 = N , α0 = id and ν
a
0 = ξ. Then there is a canonical diffeo-
morphism α1 : P0
≈−→ Pℓ(ξ) obtained by following the real vector lines in
E0 = E. Hence, together with α0 and α1, Cχ(N, ξ, ℓ) is a (N,P0)-simple
Hamiltonian T -manifold. As seen in Proposition 5.2, [ν1] = [η
−
0 ].
The T -embedding β0 is induced by the embedding β˜0 : D0 → E0 defined
by β˜0(rz) = r
√
ℓ z. Using the identification S1 = S
−
0 , the elements of D1
may be written under the form r z with r ∈ [0, 1] and z ∈ S0, with the
identification 0 z = 0 z′ = p(z) = p(z′) when the projection of z and z′ onto
P0 coincide. The T -embedding β1 is then induced by the T -map β˜1 : D
−
0 →
E0 defined by β˜1(rz) = r(
√
ℓ−√2ℓ) z¯. Hence,
Ψ(P) = [id]
(the identity from S0 to S
−
0 = S1 anti-commuting with the S
1-multiplication,
as expected).
Theorem 5.4 Let (M,M0,M1) be a simple Hamiltonian T -manifold with
T -size ℓ, and associated character χ. Suppose that r1 = 1. Then there exits
a T -equivariant diffeomorphism
F : Cχ(M0, ν0, ℓ) ≈−→M
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commuting with the residual moment maps and such that F |M0 = id.
Proof: As r1 = 1, we know M is a weight simple Hamiltonian mani-
fold. Define Ma0 = M0 and set α0 = id. Fix an almost complex structure
on M compatible with the symplectic form and let νa0 be the orthogonal
complement of TM0 in TM for the associated metric. By Proposition 5.2,
there exists a diffeomorphism α1 : P0 →M1 such that α∗1[νa1 ] = [η−0 ]. Hence,
((M,M0,M1), αi) represents a class in H([ν]) for [ν] = ([νa0 ], [η−0 ]). So does
the simple Hamiltonian manifold Cχ(M0, ν0, ℓ) of Example 5.3, with its own
αi’s. By Theorem 4.4 and Proposition 5.1, this completes the proof of The-
orem 5.4.
Theorem 5.4 implies that M1 is diffeomorphic to P0. If, in addition
r0 = 1, then P0 is diffeomorphic to M0 and we have the following corollary,
also found in [4, Lemma 3.2].
Corollary 5.5 Let (M,M0,M1) be a simple Hamiltonian manifold with r0 =
r1 = 1. Then M1 is diffeomorphic to M0.
6 Classification up to T -equivariant symplectomor-
phism
The philosophy of this section is slightly different from that in Section 4. We
fix a single compact smooth manifold Ma0 and a Hermitian vector bundle
νa0 : E0 → Ma0 of complex rank r0, whose isomorphism class is denoted by
[νa0 ] ∈ [Ma0 , BU(r0)]. The associated bundles S0 →M0 and so forth, as well
as η0, are defined as in Section 4.
Definition 6.1 A [νa0 ]-simple Hamiltonian T -manifold consists of a weight
simple Hamiltonian T -manifold (M,M0,M1) together with a diffeomorphism
α0 : M
a
0
≈−→M0 such that α∗0[ν0] = [νa0 ].
Here, ν0 is the concrete normal bundle to M0 in M , represented by
the orthogonal complement of TM0 in TM for the Riemannian metric as-
sociated to a T -invariant almost complex structure on M compatible with
the symplectic form. In particular, ωa = α∗0ω0 is a symplectic form on M
a
0 .
Two such objects ((M,M0,M1), α0) and ((M
′,M ′0,M
′
1), α
′
0) are considered
as equivalent if there is a T -equivariant symplectomorphism h : M → M ′
such that h◦α0 = α
′
0. The following are invariants of an equivalence class:
• the associated character χ and the residual action, which is semi-free,
since we are in the case of weight simple Hamiltonian manifolds;
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• the T -size ℓ > 0;
• the symplectic form ωa0 on Ma0 ; and
• the codimensions r0 and r1.
Fixing [νa0 ], ω
a
0 , ℓ and r1, we get a set of equivalence classes denoted by
S0([νa0 ], ωa0 , r1, ℓ).
We are especially interested in the case r1 = 1. By Theorem 5.4, ele-
ments of S0([ν0], ωa0 , 1, ℓ) are in bijection with classes of symplectic forms
on Cχ(Ma0 , νa0 , ℓ) coinciding with ωa0 on Ma0 and for which the T -action is
Hamiltonian. Two such forms ω and ω′ are equivalent if there is a self-
diffeomorphism F of Cχ(Ma0 , ν0, ℓ), commuting with the reduced moment
maps, such that F ∗ω = ω′ and F |Ma
0
= id.
Let Ωsym(Ma0 ) be the space of symplectic forms onM
a
0 , with the topology
induced by the C∞-topology in Ω2(Ma0 ). Define
D((Ma0 , ωa0), [νa0 ], ℓ) =
{
ω : [0, ℓ]→ Ωsym(Ma0 )
∣∣∣∣ω(0) = ωa0 and [ω(λ)] = [ωa0 ]+λe(η0)
}
,
where the last equation holds in de Rham cohomology H2dr(M
a
0 ).
Theorem 6.2 Suppose that r1 = 1. Then there exists a bijection
Θ : S0([νa0 ], ωa0 , 1, ℓ) ≈−→ π0
(D((Ma0 , ωa0), [νa0 ], ℓ)) .
Proof: LetM = Cχ(Ma0 , ν0, ℓ). As noted above, a class of a ∈ S0([νa0 ], ωa0 , 1, ℓ)
is represented by a symplectic form ω on M . Observe that there is a dif-
feomorphism from M/S1 to [0, ℓ] ×Ma0 . The first component is given by
the residual moment map and the second one is induced by the projection
E0 → Ma0 . Each slice {λ} ×M0 is then endowed with a symplectic form
ω(λ) given by the symplectic reduction of E0 at λ. This provides a map
ω : [0, ℓ] → Ωsym(Ma0 ) with ω(0) = ωa0 . The equation [ω(λ)] = [ωa0 ] + λe(η0)
holds in H2(Ma0 ) by the Duistermaat-Heckman theorem. Hence, ω() defines
a class in D((Ma0 , ωa0), [νa0 ], ℓ) which we define to be Θ(a).
To see that Θ is well-defined, suppose that ω′ is a symplectic form on M
equivalent to ω. Let F be a self-diffeomorphism of M realizing the equiv-
alence, so F ∗ω() = ω′(). The map F descends to a self-diffeomorphism F¯
of [0, ℓ]×Ma0 commuting with the projection onto [0, ℓ]. Hence, F¯ is of the
form F¯ (λ, x) = (λ, F¯λ(x)) where F¯λ is a self-diffeomorphism ofM
a
0 such that
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F¯ ∗λω(λ) = ω
′(λ) and F¯0 = id. For t ∈ [0, 1], let ωt : [0, ℓ] → Ωsym(Ma0 ) be
defined by ωt(λ) = F¯
∗
tλω. The map t 7→ ωt() is a path in Ωsym(Ma0 ) from
ω() to ω′(). This shows that the two forms are cohomologuous and so Θ is
well-defined.
Let us now prove that Θ is surjective. Let ω() represent a class in
D((Ma0 , ωa0), [νa0 ], ℓ)
)
. Let Sa0 → Ma0 be the S1-bundle associated to νa0 .
Using the normal form for reduced spaces [2, § 30.3], we can extend the map
ω() to a smooth map ω : [−ε, 1 + ε] → Ωsym(Ma0 ). For such map there is
a symplectic form ω˜ on Sa0 × [−ε, 1 + ε] such that the S1-action is Hamil-
tonian with moment map the projection onto [−ε, 1 + ε], as shown in [13,
Proposition 5.8]. Performing symplectic cuts at 0 and 1 provides a simple
Hamiltonian manifolds (N ;Ma0 , N1) defining a class a ∈ S0([νa0 ], ωa0 , 1, ℓ) and
using α = id so that Θ(a) = [ω()].
To prove the injectivity of Θ, suppose a, a′ ∈ S0([νa0 ], ωa0 , 1, ℓ) are repre-
sented by symplectic forms ω˜ and ω˜′ onM = Cχ(M0, ν0, ℓ). These give rise to
ω() and ω′() in D((Ma0 , ωa0), [νa0 ], ℓ) representing Θ(a) and Θ(a′). If Θ(a) =
Θ(a′), there exists a path ωt() ∈ D((Ma0 , ωa0), [νa0 ], ℓ) joining ω() to ω′(). Be-
cause of the cohomology constraint in the definition of D((Ma0 , ωa0), [νa0 ], ℓ),
the cohomology class of ωt(λ) is independent of t. By Moser’s theorem [2,
Theorem 7.3], there exists an isotopy ρt : M
a
0 × [0, ℓ] → Ma0 × [0, ℓ], with
ρ0 = id, such that ωt() = ρ
∗
tω(). This isotopy may be covered by an isotopy
ρ˜t : M → M with ρ˜0 = id. Let ω˜t = ρ˜∗t ω˜. By [13, Proposition 5.8], we may
deduce that ω˜1 = ω˜
′. This proves that a = a′, completing the proof.
Theorem 6.2 reduces the identification of S0([νa0 ], ωa0 , 1, ℓ) to computing
π0
(D((Ma0 , ωa0), [νa0 ], ℓ)). We only have results when the latter is reduced to
one element.
Theorem 6.3 Suppose that r1 = 1. Then π0
(D((Ma0 , ωa0), [νa0 ], ℓ)) = ∗ if
[ωa0 ] and e(ν
a
0 ) are linearly dependent in the vector space H
2
dr(M
a
0 ) of de
Rham cohomology.
The linear dependence condition is automatically fulfilled whenH2dr(M
a
0 ) ≈
R, as when Ma0 is a complex Grassmannian or G˜2(R
m+2) of Example 1.1.6.
Proof: Let ω : [0, ℓ]→ Ωsym(Ma0 ) represent an element of D((Ma0 , ωa0), [νa0 ], ℓ).
As [ωa0 ] 6= 0, our hypothesis of linear dependence implies that there is a
unique s ∈ R such that e(νa0 ) = s [ωa0 ]. Hence,
[ω(λ)] = [ωa0 ] + λ e(ν
a
0 ) = (1 + λs)[ω
a
0 ] .
As [ω(λ)] 6= 0, we know that (1 + λs) > 0. The symplectic form (1 +
λs)−1ω(λ) thus satisfies [(1 + λs)−1ω(λ)] = [ωa0 ]. By Moser’s theorem [2,
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Theorem 7.3], there exists an isotopy
ρλ : M
a
0 →Ma0 ,
with ρ0 = id, such that ω(λ) = ρ
∗
λω
a
0 . Hence, the formula
ωt(λ) = (1 + λs)ρ
∗
tλω
a
0 (t ∈ [0, 1])
defines a path in D((Ma0 , ωa0), [νa0 ], ℓ) joining ω to (1 + λs)ωa0 . This shows
that π0
(D((Ma0 , ωa0), [νa0 ], ℓ)) has only one element.
Using Theorem 6.2, Theorem 6.3 and its proof have the following corol-
lary.
Corollary 6.4 Let (M,M0,M1) be a [ν
a
0 ]-simple Hamiltonian T -manifold
with T -size ℓ and associated character χ. Suppose that r0 = r1 = 1 and that
e(νa0 ) = s [ω
a
0 ] for some s ∈ R. Then there exits a T -equivariant symplecto-
morphism α : Cχ(Ma0 , νa0 , ℓ) ≈−→M such that α|M0 = α0. Moreover, (M1, ω1)
is symplectomorphic to (Ma0 , (1 + sℓ)ω
a
0).
As a corollary below, we may reproduce Delzant’s result [3, Theorem 1.2]
in a slightly more precise way, with essentially the same proof rephrased in
our framework. For the diagonal action of S1 on Cm+1, with moment map
Φ˜(z) = 12 |z|2, denote by (CPm)ℓ the symplectic reduction at ℓ:
(CPm)ℓ = C
m+1
//
ℓ
S1 .
We also consider the symplectic cut (ĈPm)ℓ of C
m+1 at ℓ, equipped with the
induced S1-action and induced moment map φˆ : (ĈPm)ℓ → [0, ℓ]. Observe
that (ĈPm)ℓ is symplectomorphic to (CP
m+1)ℓ. Indeed, as the symplectic
forms vary linearly in ℓ, it is enough to prove this for ℓ = 1. But (ĈPm)1
and (CPm+1)1 are both toric manifolds admitting as moment polytope an
(m+ 1)-simplex intersecting the weight lattice at its vertices.
Corollary 6.5 Let (M2m,M0,M1) be a simple Hamiltonian S
1-manifold of
S1-size ℓ, with M0 a single point. Then
1. M is S1-equivariantly symplectomorphic to (CPm)ℓ, endowed with a
standard S1-action (multiplication on a single coordinate).
2. M1 is symplectomorphic to (CP
m−1)ℓ.
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Proof: Let (W,W0,W1) = (ĈPm)ℓ, pt, (CP
m)ℓ) and, for A ⊂ R, let
XA = {z ∈ C | |z| ∈ A}. Let 0 < ε < ε′ < ℓ. Performing a symplectic cut
to W at ε gives rise to two simple manifolds, the “lower” one (W−, pt, Vǫ)
and the “upper” one (W+, Vǫ,W1), together with symplectic S
1- equivari-
ant embeddings h− : X(0,ε) → W− and h+ : Xε,ε′ → W+. From these, one
can recover W . The quotient map p : X[0,ℓ] induces to an S
1- equivariant
symplectomorphism
W ≈ (W− − Vε) ∪h− X(0,ε′) ∪h+ (W+ − Vε) . (6.1)
In the same way, performing a symplectic cut ofM at ε gives rise to two sim-
ple manifolds (M−, pt,Nǫ) and (M+, Nǫ,M1). If Φ: M → [0, ℓ] denotes the
moment map, we get S1-symplectomorphisms α− : Φ
−1([0, ε)) → M− − Nε
and α+ : Φ
−1((ε, ℓ]) → M + −Nε. By the local forms around a fixed point,
there is an S1- equivariant symplectomorphism q : U → U ′ between neigh-
borhoods U and U ′ of W0 and M0 respectively. Choose ε
′ small enough so
that p(X(0,ε′)) ⊂ U . We thus get two symplectic S1- equivariant embeddings
g− = α−◦q◦p : X(0,ε) →W− and g+ = α+◦q◦p : Xε,ε′ →W+,
and an S1- equivariant symplectomorphism
M ≈ (M− −Nε) ∪g− X(0,ε′) ∪g+ (M+ −Nε) . (6.2)
The symplectomorphism q induces an S1- equivariant symplectomorphism
q− : W− → M− such that q−◦h− = g−, and also a symplectomorphism
qε : Vε → Nε.
In order to get an S1- equivariant symplectomorphism from W to M
it is then enough, given (6.1) and (6.2), to construct an S1- equivariant
symplectomorphism q+ : W+ →M+ such that q+◦h+ = g+.
The problem may be reformulated as follows. Let Y be the upper man-
ifold of the symplectic cut of X(0,ε′) at ε. The embedding h+ extends to a
symplectic S1- equivariant embedding hˆ+ : Y → W+ onto a tubular neigh-
bourhood of Vε in W+; h+ and h¯+ determine each other. In the same way,
g+ extends to a symplectic S
1- equivariant embedding gˆ+ : Y →M+ onto a
tubular neighbourhood of Nε in M+; g+ and g¯+ determine each other. We
are then looking for an S1- equivariant symplectomorphism q+ : W+ →M+
such that q+◦ hˆ+ = gˆ+. As gˆ+ coincides with qε on Vε, it actually suffices to
construct an S1- equivariant symplectomorphism q+ : W+ →M+ extending
qε. Indeed, by the uniqueness of S
1-invariant tubular neighbourhood of Nǫ
up to symplectomorphism, it will be possible, taking ε′ smaller if necessary,
to modify q+ by an isotopy so that the condition q+◦ hˆ+ = gˆ+ remains true.
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By construction, W+ is identified with (Cid((CPm−1)ε, η, ℓ − ε)), where
η is the Hopf bundle. The simple manifold (M+, Nǫ,M1) has S
1-size ℓ −
ε and the existence of the diffeomorphism gˆ+ implies that g
∗
ε(ν(Nε)) =
η. By Corollary 6.4, gε extends to an S
1-equivariant symplectomorphism
q+ : W+ →M+ as required.
7 Examples of polygon spaces
This section provides examples using polygon spaces. We recall below some
minimal theory to state the results. For more developments, classification
and references, see e.g. [8] and [7].
Let α = (α1, . . . , αn) ∈ Rnր, where Rnր := {(α1, . . . , αn) ∈ Rn | 0 <
α1 ≤ · · · ≤ αn}. Let S2αi denote the sphere in R3 with radius αi. We identify
R3 with so(3)∗ so that the Lie-Kirillov-Kostant-Souriau symplectic structure
gives S2αi the symplectic volume 2αi.
Definition 7.1 The polygon space Nα is the symplectic reduction at 0
Nα =
( m∏
i=1
S2αi
) //
0
SO3
for the the diagonal co-adjoint action of SO(3).
The moment map for the co-adjoint action on the product of spheres
maps ρ 7→∑ ρi, so we get
Nα =
{
ρ = (ρ1, . . . , ρm) ∈ (R3)m
∣∣∣∣ ∀i, |ρi| = αi and
m∑
i=1
ρi = 0
} /
SO3
(7.1)
as the moduli space of spatial configurations of a polygon with length-side
vector α. Note that Nα is denoted by Pol (α) in [8] and by N n3 (α) in [7]).
The origin is a regular value for the moment map if and only if there is no
aligned configuration, that is the equation
n∑
i=1
ǫiαi = 0
has no solution with ǫi = ±1. Such length vectors α are called generic.
When αi 6= αj for some i, j, then Φi,j(ρ) = |ρi + ρj| defines a smooth
function Φi,j : Nα → R. This is the moment map of a Hamiltonian S1-
action on Nα, a particular case of a bending flow [9]. It acts on ρ by
25
rotating ρi and ρj at constant speed around the axis ρi + ρj. The critical
points for Φi,j are those configurations ρ for which {ρk | k 6= i, j} generate a
one-dimensional space.
If α ∈ Rnր satisfies the inequalities
αn <
∑
i<n
αi and αn + α1 >
n−1∑
i=2
αi , (7.2)
then Nα is known to be diffeomorphic to CPn−3, as shown in [7, Exam-
ple 2.6]. Using Corollary 6.5, we get a precise symplectic description.
Proposition 7.2 Let α = (α1, . . . , αn) ∈ Rnր (n ≥ 4) satisfying (7.2). Then
Nα is symplectomorphic to (CPn−3)ℓ for ℓ = α1 + · · ·+ αn−1 − αn.
Proof: Since n ≥ 4, the second equation in (7.2) implies that
αn − αn−1 > α2 + · · ·αn−2 − α1 > 0 . (7.3)
Hence, the bending flow Φ = Φn,n−1 is defined, with image
I = [αn − αn−1, α1 + · · ·αn−2] ,
an interval of length ℓ = α1+ · · ·+αn−1−αn. The fact that α ∈ Rnր together
with the second inequality of (7.3) imply that there are no critical points for
Φ in the interior of I. Hence, Φ makes Nα a simple Hamiltonian manifold
with S1-size equal to ℓ. The manifold Φ−1(α1+ · · ·αn−2) is equal to a point.
Proposition 7.2 then follows from Corollary 6.5 (exchanging the role of M0
and M1).
We now study the operation of adding a tiny edge to a polygon. Let
α = (α1, . . . , αn) ∈ Rnր be generic. If ε > 0 is small enough, then, for all
integer j ∈ {1, . . . , n}, the n-tuple
α(j, δ) = (α1, . . . , αj−1, αj + δ, αj+1, . . . , αn)
belongs to Rnր and is generic when |δ| ≤ ε. We say that ε is α-tiny.
The manifolds Nα(j,δ) are then canonically diffeomorphic to Nα, see [7,
Lemma 1.2 and its proof].
We shall now describe the symplectic manifold Nαε where
αε = (ε, α1, . . . , αn) ∈ Rn+1ր (7.4)
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and ε is α-tiny. For convenience, we will now index the coordinates by 0 to
n. We check that the bending flow
Φj,0 : Nαε → Ij = [αj − ε, αj + ε]
is well-defined and makes Nαε a simple Hamiltonian S1-manifold of S1-size
equal to 2ε, with M0 = Nα(j,−ε) and M1 = Nα(j,ε).
For i = 0, . . . n, consider the space Ei of configurations ρ as in (7.1) such
that ρi = (0, 0, αi). This is the total space of a principal S
1-bundle ξ over
Nαε , or over Nα(i,−ε) if 1 ≤ i ≤ n. We also denote by ξi its associated
complex line bundle.
Proposition 7.3 Let α ∈ Rnր and let ε > 0 be tiny for α. Then for each
1 ≤ j ≤ n, the bending flow Φj,0 makes the manifold Nαε S1-equivariantly
symplectomorphic to Cid(Nα(j,−ε), ξj , 2ε).
For two descriptions of Nαε as a smooth manifold, see [7, Proposition 2.2].
Proof: Choose an S1-invariant almost complex structure on Nαε compat-
ible with the symplectic form and let ν be the normal bundle to Nα(j,−ε) in
Nαε . As r0 = r1 = 1, Corollary 6.4 implies that there is an S1-equivariant
symplectomorphism from Cid(Nα(j,−ε), ν, 2ε) to Nαε . We have to identify ν
with ξj .
The symplectic reduction of Nαε at λ ∈ Ij is Nα(j,λ). Identifying the lat-
ter withNα gives a symplectic form ωλ ∈ Ω2(Nα) which, by the Duistermaat-
Heckman theorem satisfies the equation
[ω(λ)] = [ωa0 ] + λe(ν)
in H2dr(Nα). Hence,
e(ν) =
d
λ
[ω(λ)] . (7.5)
But, by [8, Remark 7.5.d],
[ω(0)] =
n∑
i=1
αie(ξi) . (7.6)
By (7.5) and (7.5), we deduce that ν is isomorphic to ξj .
Proposition 7.4 Let α = (α0, . . . , αn) ∈ Rn+1ր satisfying
αn + α0 <
∑
i<n
αi and αn + α1 >
n−1∑
i=2
αi , (7.7)
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let ℓ = α0 + · · ·+ αn−1 − αn. Then Nα is symplectomorphic to a symplectic
cut of (CPm−2)ℓ so that the symplectic slice has size ℓ− 2α0.
In particular, Nα is diffeomorphic to CPm−2 ♯CPm−2. For a generaliza-
tion of this fact, see [7, Example 2.12].
Proof: We note that α = βα0 in the sense of (7.4), where β = (α1, . . . , αn)
satisfies (7.2). We use Proposition 7.3 and its notations, with the bending
flow Φn,0. Hence, Nα is symplectomorphic to Cid(Nα(n,−α0), ξn, 2α0). Us-
ing (7.5) and [8, Proposition 7.3], we deduce that e(ξn) = −1.
Thus, Φn,0 makes Nα a simple Hamiltonian manifold (Nα,M0,M1) with
M0 = (CP
n−3)ℓ and M1 = (CP
n−3
)ℓ−2α0 , using Proposition 7.2 to identify
M0.
References
[1] M. Audin, The topology of torus actions on symplectic manifolds. Birkha¨user, 2nd
edition (2004).
[2] A. Cannas Da Silva, Lectures on Symplectic Geometry Springer Lect. Notes 1764
(2001).
[3] T. Delzant, Hamiltoniens pe´riodiques et images convexes du moment. Bull. Soc.
Math. de France 116 (1988) 315–339.
[4] V. Guillemin and T. Holm, GKM theory for torus actions with nonisolated fixed
points. Int. Math. Res. Not. 40 (2004) 2105–2124.
[5] E. Gonzalez, Classifying semi-free Hamiltonian S1-manifolds. Int. Math. Res. No-
tices (2010) doi: 10.1093/imrn/rnq076. First published online April 25, 2010
[6] D. Haibao and E. Rees, Functions whose critical set consists of two connected
manifolds. Bolet`ın de la Soc. Matem. Mexicana 37 (1992) 139-149.
[7] J-C. Hausmann, Geometric descriptions of polygon and chain spaces. Topology and
robotics, Contemp. Math., 438, Amer. Math. Soc., Providence, RI (2007) 47–57.
[8] J-C. Hausmann and A. Knutson, The cohomology rings of polygon spaces. Ann.
Inst. Fourier 48 (1998) 281–321.
[9] M. Kapovich and J. Millson, The symplectic geometry of polygons in Euclidean
space, J. Differential Geom. 44 (1996), 479–513.
[10] E. Lerman, Symplectic cuts. Math. Res. Lett. 2 (1995) 247–258.
[11] H. Li and S. Tolman, Hamiltonian circle actions with minimal fixed sets.
arXiv:0905.4049.
28
[12] H. Li, M. Olbermann, and D. Stanley, One-connectivity and finiteness of Hamilto-
nian circle actions with minimal fixed sets. arXiv:1010.2505.
[13] D. McDuff and D. Salamon, Introduction to symplectic topology. Second edition.
Oxford University Press (1998).
[14] S. Tolman, On a symplectic generalization of Petrie’s conjecture. Trans. AMS 362
(2010) 3963–3996.
[15] S. Tolman and J. Weitsman, On the cohomology rings of Hamiltonian T -spaces.
Northern California Symplectic Geometry Seminar, Amer. Math. Soc. Transl. Ser.
2 vol. 196 (1999) 251–258.
Jean-Claude HAUSMANN
Mathe´matiques-Universite´
B.P. 24
CH-1211 Gene`ve 4, Switzerland
Jean-Claude.Hausmann@unige.ch
Tara HOLM
Department of Mathematics
Cornell University
Ithaca, NY 14853-4201, USA
tsh@math.cornell.edu
29
